We theoretically investigate phonon dispersion in AA-stacked, AB-stacked, and twisted bilayer graphene with various rotation angles. The calculations are performed using the Born-von Karman model for the intralayer atomic interactions and the Lennard-Jones potential for the interlayer interactions. It is found that the stacking order affects the out-of-plane acoustic phonon modes the most. The difference in the phonon densities of states in the twisted bilayer graphene and in AA-or AB-stacked bilayer graphene appears in the phonon frequency range 90-110 cm −1 . Twisting bilayer graphene leads to the emergence of different phonon branches-termed hybrid folded phonons-which originate from the mixing of phonon modes from different high-symmetry directions in the Brillouin zone. The frequencies of the hybrid folded phonons depend strongly on the rotation angle and can be used for noncontact identification of the twist angles in graphene samples. The obtained results and the tabulated frequencies of phonons in twisted bilayer graphene are important for the interpretation of experimental Raman data and in determining the thermal conductivity of these material systems.
I. INTRODUCTION
A two-dimensional sheet of sp 2 carbon atomsgraphene-is a promising material for future electronics because of its unique electrical, 1,2 thermal, 3, 4 and optical 5, 6 properties. The high electrical 1,2 and thermal 3,4 conductivities of graphene are crucial for its proposed applications in fieldeffect transistors, 7 sensors, 8 solar cells, 9 resonators, 10 and thermal management of ultralarge scale integrated circuits and high-power-density devices. 4, [11] [12] [13] In recent years the interest of the physics community has been shifting toward the investigation of twisted few-layer graphene (T-FLG) systems. When two graphene layers are placed on top of each other, they can form a moiré pattern. [14] [15] [16] In this case, one layer is rotated relative to another layer by an arbitrary angle. The synthesis of T-FLG was experimentally demonstrated using chemical vapor deposition (CVD), mechanical exfoliation, or growth on the carbon terminated SiC surface. [15] [16] [17] [18] [19] Although twisting only weakly affects the interlayer interaction, it breaks the symmetry of the Bernal stacking, resulting in an intriguing dependence of the electronic and phonon properties on the rotation angle (RA).
The electronic structure of twisted bilayer graphene (T-BLG) with relatively small RAs was theoretically studied using both the continuum approach 14 and the density functional theory (DFT). 20, 21 It was demonstrated that the low-energy electron dispersion in T-BLG is linear as in a single-layer graphene (SLG) but with reduced Fermi velocity, especially for small RAs.
14 Two independent DFT studies 20, 21 have shown that T-FLG systems possess a massless fermion carrier property with the same Fermi velocity as in SLG both for incommensurate 20 and commensurate 21 graphene layers. Experimentally, the specifics of the electronic transport in T-FLG were investigated using surface x-ray diffraction, 17 scanning tunneling microscopy (STM), 17, 18 and Raman spectroscopy. 15 It was observed that twisted multilayer graphene grown on the carbon terminated face of 4H -SiC reveals SLG electronic properties. 17 More recently, this observation was confirmed by an independent Raman spectroscopy study. 15 On the other hand, it was concluded on the basis of an STM investigation 18 that the electronic properties in T-FLG are indistinguishable from those in SLG only for large rotational angles >20
• while for the small RAs the Dirac cone approximation breaks down even in the vicinity of the K point of the Brillouin zone (BZ). While the electronic properties of T-FLG have been intensively investigated both theoretically and experimentally, [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] the phonon properties of T-FLG remain largely unexplored.
The experimental data for phonons in T-FLG are expected to come mostly from Raman spectroscopy, which proved to be a powerful tool for understanding phonons in SLG and FLG. [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] Earlier Raman studies of graphene [24] [25] [26] [27] [28] were focused on an analysis of G, D, and 2D bands in graphene: the peaks' spectral position, shape, and their dependence on the number of atomic planes in the samples. The G band near 1485 cm −1 is a first-order Raman peak in graphene related to the scattering of in-plane transverse (TO) or longitudinal (LO) optical phonons of the BZ point. [24] [25] [26] [27] The pronounced 2D band in the range of 2500-2800 cm −1 is a second-order Raman peak, associated with the scattering of two TO phonons around the K point of the BZ. [24] [25] [26] [27] Ultraviolet Raman measurements provided additional data for determining the number of atomic layers in FLG due to the different ratios of the G and 2D peaks. 28 The temperature dependence of the Raman peaks was instrumental for the first measurement of the thermal conductivity of graphene. 3, 4, [11] [12] [13] 29 More recent Raman studies revealed several different low-energy peaks in the spectra of FLG, which were attributed to -point in-plane and outof-plane acoustic phonon modes with nonzero energy. [30] [31] [32] [33] Since these modes are sensitive both to the number of atomic layers and interlayer coupling, the possibility of using them for noncontact characterization of the stacking order in FLG and T-FLG was proposed. 32 These double-resonant peaks in the Raman spectra at ω ∼ 1625 cm −1 , referred to as R , 16, 23 and ω ∼ 1375 cm −1 , referred to as R, 22, 23 were also observed in twisted bilayer graphene. It was suggested that, depending on the rotational angle, the phonons with different wave vectors can participate in the processes leading to the appearance of these peaks. 16, 22, 23 In studies of the Raman processes in twisted graphene the phonon energies were treated as in nontwisted FLG. 16, 23, 34 However, the change in the stacking order and BZ size of T-FLG should affect their phonon properties. This assumption is confirmed by a recent theoretical study of the phonon modes in a nanometer-scale circular T-BLG sample of a finite radius in the range from 0.5 to 3 nm. 35 Using the Brenner potential for the intralayer interactions and the Lennard-Jones potential for the interlayer interaction, the authors found significant frequency shifts for the ZO mode depending on the rotation angle. 35 This means that there is a strong need for an accurate theory and computation of the phonon energy dispersion, and density of states (DOS) in T-BLG for the purpose of interpreting the experimental data.
Here we present a consistent theoretical study of the phonon modes in formally infinite twisted bilayer graphene using the Born-von Karman model of the lattice dynamics for in-plane atomic coupling and the Lennard-Jones potential for interlayer atomic coupling. We do not limit the size of T-BLG and carefully take into account the periodicity of the rotationally dependent unit cells. The rest of the paper is organized as follows. In Sec. II, we present our theoretical approach for the calculation of the phonon modes in T-BLG. In Secs. III and IV, we discuss our results, provide phonon frequency data for different rotation angles of T-BLG, and give our conclusions.
II. THEORY OF PHONONS IN TWISTED BILAYER GRAPHENE
We consider two parallel graphene sheets, referred to as the "bottom" and "top." We choose the initial configuration to be the same as for AA-stacked bilayer graphene (AA-BLG) and place the rotation center at the hexagon center. Then we rotate the "top" sheet relative to the "bottom" one in the graphene plane by an angle θ to obtain twisted bilayer graphene. In a chosen rotation scheme, T-BLGs with the rotation angles θ = 0
• and θ = 60
• correspond to the AA-stacked BLG, while TBLGs with θ = 30
• − α and θ = 30
• ]. It limits our consideration to twisting angles θ between 0
• and 30
• . Since the lattice dynamics approach is based on the periodicity of the crystal lattice, we first define a periodic (commensurate) atomic configuration of T-BLG. The angles of the commensurate rotations are given by the expression 14, 35, 36 
, where m and n are the positive integer numbers. If n is not divisible by 3, then the basis vectors of the Bravais lattice t 1 and t 2 for the commensurate T-BLG are given by the following expression:
where a 1 = (3a/2, − √ 3a/2) and a 2 = (3a/2, √ 3a/2) are the basis vectors of the Bravais lattice for single-layer graphene. The smallest carbon-carbon distance is a = 0.142 nm. The number of atoms in the commensurate cell is equal to the ratio between the unit cell volumes of the rotated and unrotated cells multiplied by a number of atoms in the unrotated cell:
where z is the unitary vector normal to the graphene plane. Substituting Eq. (1) into Eq. (2), one can obtain for N :
Equation (3) determines the number of atoms in the unit cell of T-BLG for a given pair of integers (m,n). In Fig. 1(a) we show a schematic view of the lattice structure of T-BLG with θ (1,1) = 21.8
• . In this case, the unit cell contains the smallest possible number of carbon atoms, N = 28. The T-BLG unit cells with other θ are larger. For instance, the unit cell with θ (2,1) = 13.2
• contains 76 atoms. We denote the basis vectors of the reciprocal lattice in BLG as b 1 and b 2 , while the basis vectors of the reciprocal lattice in T-BLG as g 1 and g 2 . The reciprocal vectors g 1 and g 2 are related to the real space commensurate vectors t 1 and t 2 : • .
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Thus, using Eq. (4), we are able to construct the Brillouin zone of the T-BLG with an angle of rotation θ (m,n), corresponding to one of the possible commensurate unit cells. The BZ of the T-BLG with θ (1,1) = 21.8
• as well as of the rotated ("top") and unrotated ("bottom") single-layer graphene sheets which constitute the BLG are shown in Fig. 1(b) by black, red, and blue lines, correspondingly.
The equations of motion for BLG and T-BLG atoms have the form
Here ω is the phonon frequency, q is the two-dimensional phonon wave vector, and D ij αβ are the dynamic matrix coefficients:
In Eqs. (5) and (6), s denotes the nearest atomic spheres of the atom i; j denotes the atoms of the atomic sphere s; α,β designate the Cartesian coordinates components, m is the mass of a carbon atom, ij αβ (s) are the interatomic force constants describing the interaction between an atom j and an atom i, located at the center of the atomic spheres, and h ij = r j − r i , where r i [ r j ] is the radius vector of the atom i [j ] . The components of the dynamic matrix are determined by the interatomic force constants. For this reason, a proper choice of the interatomic potential is crucial for obtaining the correct phonon energies. In this work, we apply the Born-von Karman (BVK) model to describe the carboncarbon intralayer interaction. This model demonstrated a good agreement between the theoretical and experimental phonon dispersions of bulk graphite. [37] [38] [39] In the case of the intralayer coupling the hexagonal symmetry of the interatomic interaction is preserved for different θ . Therefore, in Eq. (6), the force constant matrices and the coordination vectors for the "bottom" (unrotated) sheet will coincide with the single-layer graphene case. For the "top" (rotated) sheet these matrices and vectors can be found by applying a corresponding rotation operator. In our BVK model for the intralayer interaction we take into account four nearest neighbor atoms, N sph = 4. A schematic of the coordination spheres for the unrotated graphene sheet is presented in Fig. 2 . A single-layer graphene has two atoms in the unit cell, which we denote in Fig. 2 as "blue" and "red" circles. The vectors h ij of atoms from the four atomic spheres of a "blue" atom are listed in Table I . Note that the zth component of all atoms is equal to 0 and thus is omitted in the notations. The vectors h ij of the atoms from the four atomic spheres of a "red" atom can be found by the rotation of the corresponding vector from Table I by an angle π around the (0, 0) point.
The force constant matrix describing the interaction of an atom with its nth-nearest neighbor in graphene has the
). The force constant matrices for all atoms from four neighbor atomic spheres can be found from (n) using the rotations around the Z axis by an angle ϕ in a clockwise direction, R ϕ = ( ). In Table II we present a list of the corresponding symmetry operations which map the matrix (n) into force constant matrices for all atoms from the first four atomic spheres.
The intralayer interaction for each atomic sphere is described by three independent force constants: α s , β s , and γ s . In the BVK model these constants have a clear physical meaning. A displacement of an atom induces a force towards its nth neighbor. The force constant α describes the longitudinal component of the force while constants β and γ describe the in-plane and out-of-plane transverse components, respectively. In our calculations, we used the force constants fitted in Ref. 37 to density functional theory results, which are in a good agreement with experimental phonon frequencies of bulk graphite. The numerical values of these constants are provided in Table III. We describe the interlayer interactions with the LennardJones (LJ) potential V (r) = 4ε[(σ/r) 12 − (σ/r) 6 ], with ε = 4.6 meV, σ = 0.3276 nm, and 0.5 nm cutoff distance. The parameters ε and σ were taken from Ref. 40 . They reproduce the experimental values of the interlayer space and phonon dispersion along the -A direction of bulk graphite. In the case of the interlayer coupling, the atomic configuration and 035428-3 
force constant matrices are dependent on the rotation angle θ :
where
) is the force constant of the interlayer coupling, and r(θ ) is the distance between the interacting atoms from a given atomic configuration corresponding to angle θ .
III. PHONON DISPERSION IN TWISTED BILAYER GRAPHENE
In the past few years significant efforts have been undertaken for the investigation of the physical properties of ABstacked FLG, which has a higher stability in comparison with AA-stacked FLG. [11] [12] [13] [27] [28] [29] [30] [31] However, successful preparation of AA-stacked FLG has also been reported. 41, 42 It was indicated in one report that synthesized bilayer graphene often exhibits AA stacking, which makes it difficult to distinguish it from SLG. 42 Theoretical investigations of the electronic, magneto-optical, Raman, and infrared properties in AA-stacked BLG revealed their strong differences from those of AB-stacked BLG (AB-BLG). [43] [44] [45] Although the main goal of this work is to investigate the evolution of the phonon modes in T-BLG, we first compare the phonon dispersions in SLG, AA-BLG, and AB-BLG. The latter is done in order to both validate our theoretical approach and to explore the difference in the phonon energy spectra between AA-BLG and AB-BLG.
The phonon dispersions in SLG, AA-BLG, AB-BLG, and T-BLG with the rotation angles θ = 21.8
• and θ = 13.2
• are shown in Figs. 3 and 4 . In Fig. 3 we plot the dispersions along the -K direction in the Brillouin zone of SLG, BLG, or T-BLG, correspondingly. The phonon dispersion near the and K points is shown in Fig. 4 . The phonon frequencies were calculated from Eq. (5) for each phonon wave number q from the interval 0 to q max (θ ), where q max (θ ) = 8π sin(θ/2)/(3 √ 3a). For SLG and BLG, q max = 4π/(3 √ 3a). The directions in the BZ of T-BLG depend strongly on the rotational angle and do not coincide with the directions in the BZ of SLG or BLG. As shown in Fig. 1(b) , the -K direction in the BZ of T-BLG is rotated relative to that in the BZ of BLG. Therefore, the phonon curves in Figs results were reported for SLG and BLG using the DFT, 46 valence force field model of lattice dynamics, 12, 29 and the optimized Tersoff and LJ potentials. 40 We note here that although various theoretical approaches can predict different energies for LA, TA, and ZA phonons at the point, 12, 13, 29, [46] [47] [48] [49] [50] the descriptions of the phonon mode behavior and the dispersion trends are consistent among the different models. The use of the LJ potential for the description of the interlayer interaction in FLG usually leads to softening of the lowfrequency modes near the BZ center while the frequencies of all other modes are described accurately. To verify the accuracy of our approach we calculated the phonon frequencies for bulk graphite using the same potential. The obtained frequencies were in excellent agreement both with DFT calculations 37 and experimental data for graphite. [51] [52] [53] [54] A comparison of the phonon energy dispersions near the and K points in the BZ of AA-BLG (red dashed curves) and AB-BLG (black curves) is presented in Fig. 4 . The frequencies of the LA 2 /TA 2 modes of AA-BLG near the BZ center are smaller than in AB-BLG. The maximum deference is at the point, constituting ∼4.7 cm −1 . This energy difference decreases fast with increasing q. For q 1 nm −1 the LA 2 /TA 2 phonon energies of AA-BLG become indistinguishable from those in AB-BLG. However, the difference in the ZA 2 mode frequencies remains over the entire BZ and constitutes 3-8 cm −1 . The phonon dispersions of the ZO 1 /ZO 2 and ZA 1 /ZA 2 modes near the K point are linear in AA-BLG and paraboliclike in AB-BLG. It is interesting to note that the evolution of the phonon spectra has similarities to that of the electron spectra near the K point in AA-BLG and AB-BLG. 43, 44 The number of atoms in the unit cell of T-BLG with θ = 21.8
• (θ = 13.2 • ) increases by a factor of 7 (19) as compared with BLG. The number of phonon branches increases to 84 for T-BLG with θ = 21.8
• and to 228 for T-BLG with θ = 13.2
• . The number of phonon modes at the and K points in the BZ of T-BLG increases correspondingly. In addition to the degenerate TO/LO phonon modes of SLG/BLG at the point with a frequency ω ∼ 1589.5 cm −1 , the different in-plane phonon modes appear in T-BLG. The frequencies of these modes depend strongly on the rotational angle and their number increases with decreasing θ . In T-BLG with θ = 21.8
• , there appear additional phonon modes at the point related to the in-plane optical phonons with the frequencies ω ∼ 1378.6, 1468.8, and 1589.5 cm ) is a manifestation of the twisting. In T-BLG the difference between the phonon frequencies of all corresponding modes is small due to the weak interlayer interaction. This difference may be larger for other layered van der Waals materials with stronger interlayer coupling. The angle-dependent change in the interlayer distance of T-BLGs, which has not been taken into account in this work, may produce some effect on the low-frequency phonon modes. However, the effect is weak for the optical phonon modes that contribute to the experimentally observed Raman peaks. Further investigation of the crystal lattice relaxation in twisted bilayer graphene and its influence on the low-energy phonon modes are reserved for future study. The phonon frequencies of the in-plane optical phonons at the and K points are presented in Table IV for SLG, BLG, and T-BLG with the different rotation angles θ (1,1) = 21.8
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• , θ (2,1) = 13. 4 (12) 896.35 (2) frequencies of corresponding TO/LO modes in SLG/BLG and T-BLG is small, constituting less than 0.1 cm −1 at the K point and less than 0.05 cm −1 at the point. The latter means that the rotationally dependent modification of the interlayer interac- • (red curves), and T-BLG with θ = 13.2
• (blue curves). Note how a change in the interlayer interaction due to twisting affects the TA 2 , LA 2 , and ZA 2 modes. The region where anticrossing of LA 1 and TA 2 hybrid folded phonon branches occurs is shown by a dashed circle. tion changes frequencies of the in-plane optical modes by less than 0.1 cm −1 over the entire BZ. In Table V , we present data for the -point frequencies of the ZO modes in T-BLG. Analogously to TO/LO phonons this mode is only weakly dependent on twisting: the maximum frequency difference is ∼0.5 cm −1 . The frequencies of the shear (LA 2 , TA 2 ) and flexural (ZA 2 ) phonons are more strongly affected. The specific properties of these modes in T-BLG with θ = 21.8
• (red curves) and T-BLG with θ = 13.2
• (blue curves) as well as in AA-BLG (black curves) are presented in Fig. 6 . At the point, the twisting 5-492 (6) increases the frequency of the shear modes by 1-2 cm −1 and decreases the frequency of the ZA 2 modes by ∼5-5.5 cm −1 , depending on θ . In AA-BLG, the phonon branches LA 1 and TA 2 intersect at q ∼ 0.7 nm −1 . Twisting changes the interaction between these phonons in T-BLG and leads to anticrossing of LA 1 and TA 2 hybrid folded phonon branches [see Fig. 6(b) ]. The detailed dependence of the acoustic phonon frequencies on θ is presented in Table VI .
IV. DISCUSSION AND COMPARISON WITH EXPERIMENTS
Our results are in agreement with an intuitive expectation that changes in the weak van der Waals interaction should not significantly affect the phonon modes. Nevertheless, the different hybrid folded phonon modes at the , K, and M points in the BZ of T-BLG can be observed in Raman or infrared spectra and possibly used for the determination of the rotation angle in T-BLG samples. Most recently the Raman peak near 1489 cm −1 was observed in CVDsynthesized T-BLG with θ = 13.2
• , 55 which was attributed to the folded phonons. Using a simple model for folding of the optical phonon dispersion in SLG, the authors estimated the frequency of this peak as ω = 1480 cm −1 . 55 Our calculations show that in T-BLG with θ = 13.2
• at the K point there are hybrid folded phonon modes with ω = 1491.5 cm −1 , which is closer to the experimental value. A conclusive assessment of the nature of the observed peak requires further experimental studies and comparison with the calculated dispersion.
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The final moiré pattern in T-BLG depends both on the (i) initial stacking configuration and (ii) location of the rotation origin. For a proper comparison of the results obtained within the approach where the initial stacking is AB with the results obtained within our rotation scheme, it is essential that the axis of the rotation from AB stacking passes through the atoms, which lie exactly above each other. This ensures that for the rotation angles between 0
• the moiré patterns will coincide and the results will be directly comparable.
We note here that placing graphene on a substrate results in the coupling of low-energy graphene phonon modes with substrate phonon modes. 56 The higher-energy phonons (ω > 300 cm −1 ) are unaffected or affected only weakly. Therefore, our results-phonon dispersion and tabulated frequenciescan be used for the interpretation of experimental Raman peaks reported by different groups for T-BLG samples even when no accurate measurements of θ were carried out. 57, 58 A comparison between the theoretical and experimental data and our assessment of the rotational angles are presented in Table VII . The frequencies of the hybrid folded phonons at the , M, and K points calculated in this work for θ = 21.8
• , and 7.3
• match closely the measured Raman frequencies for most of the considered samples. 57, 58 Additional calculations with different rotational schemes and various angles are necessary to interpret the peaks frequencies for the S2, S4, S5, and S8 samples from Ref. 58 . This work is reserved for a future study.
The Raman measurements with T-BLG with θ ∼ 9
• -16
• demonstrated a set of peaks in the frequency ranges 100-900
and 1400-1600 cm −1 . 23 The authors compared their results with the phonon dispersions in SLG and concluded that these peaks are related to the ZA, TA, LA, ZO, TO, and LO phonon branches. 23 Our results, in general, confirm their conclusion with one important refinement. The nature of these peaks is more complicated since they are made up of the in-plane and out-of-plane hybrid folded phonons from the rotationally dependent BZ of T-BLG. For instance, the Raman peaks with frequencies 100-200 cm −1 can be associated not only with the ZA 2 (ZO ) branch as concluded in Ref. 23 but with the hybrid folded ZA 1 and ZA 2 branches (see Table VI ). The peaks with frequencies of 300-900 cm −1 can be related to the hybrid folded ZA 1 /ZA 2 , TA 1 /TA 2 , LA 1 /LA 2 , and ZO 1 /ZO 2 phonons while the peaks with frequencies 1400-1600 cm frequency ω from the entire BZ of BLG or T-BLG. In the above definition N(ω) is the number of phonon modes with frequency ω. As follows from Figs. 7 and 8, the changes in the phonon DOS and average group velocity due to twisting are small. The difference in the phonon DOS appears only in one frequency range of 90-110 cm −1 . The effect is due to the frequency shift of the ZA 2 phonons. Therefore we do not expect a major difference in the phonon-assisted processes in T-BLG in comparison with BLG as a result of changes in the phonon DOS or average group velocity. However, the rotationally dependent hybrid folded phonons with momenta that are different from those of the corresponding phonon modes in BLG can significantly change the electron-phonon and phonon-phonon processes in T-BLG. The latter can lead to the rotationally dependent electron-phonon interaction and thermal conductivity.
V. CONCLUSIONS
We have theoretically investigated the phonon properties of AA-stacked, AB-stacked, and twisted bilayer graphene by using the Born-von Karman model for the intralayer interactions and the Lennard-Jones potential for the interlayer interactions. It was established that the ZA 2 phonon mode is most affected by the stacking order. The frequency of the ZA 2 mode in AA-BLG is smaller than in AB-BLG by 3-8 cm −1 , depending on the phonon wave vector. Twisting in bilayer graphene leads to an additional decrease in the frequency of this mode by 5-5.5 cm −1 , depending on the rotation angle. We have shown that different types of hybrid folded rotationally dependent phonon modes appear in the twisted bilayer graphene due to the reduction of the Brillouin zone size and changes in the high-symmetry directions. These modes can manifest themselves in Raman or infrared measurements and thus can be used for noncontact characterization of twisted bilayer or multilayer graphene. It was also demonstrated that the twisting-induced change in the van der Waals interlayer interactions weakly affects the phonon frequencies. The changes in the phonon density of states and average group velocities in T-BLG as compared to those in AA-or ABstacked bilayer graphene are small. The obtained results and tabulated frequencies of phonons in twisted bilayer graphene are important for the interpretation of the experimentally measured Raman and infrared spectra and in understanding the thermal properties of these systems.
